We generalise to partially ordered vector spaces, with a new technique, Arendt's approach to Kim's characterisation of Riesz homomorphisms.
474
G. Buskes and J. Summerville [2] close to Wickstead's definition in [14] . If F is a Riesz space, we say that a positive operator T : E -> F is an R-homomorphism if for all x,y € E there exists z ^ x, y in E for which
T(z)=T(x)vT(y),
or equivalently, if for all x,y € E + there exists z ^ x, y in £ for which T
(z) = T(x)AT(y).
This R-homomorphism coincides with Wickstead's definition in [14] (which originated in [6] ), when one restricts the range space to be a Riesz space in his definition. In case that E is a Riesz space as well, the class of R-homomorphisms coincides with the class of Riesz homomorphisms. Every R-homomorphism is positive. For a regular map T : E -> F we define the (regular) adjoint T~ : F~ -+ E~ by T~(^)(e) = 4>{T{e)) for all <p € Fã nd e € E. Finally, as is common convention, a map between two vector spaces is called sublinear if it is positive homogeneous and subadditive. One of our goals is a proof of the following result.
THEOREM 1 . Let G be a Riesz space. IfT:E->Gisan R-homomorphism then T~~ is an R-homomorphism E--»• G-.
A powerful tool in the proof of this theorem will be the following Mazur-Orlicz type sandwich theorem (see [10, Theorem 1.5 .3] for a proof).
THEOREM 2 . Let F be a Dedekind complete Riesz space. Let p : E -»• F be a sublinear map, A C E nonempty and convex, and q : A -> F concave (that is, q(tx + (1 -t)y) ^ tq{x) + (1 -t)q(y) for all x,y £ A and 0 ^ t ^ I) with q ^ p on A.
Then there exists a linear operator T : E -» F such that T ^ p everywhere, and q ^ T on A.
Our avenue for proving Theorem 1 will be a wide generalisation of the following result by Arendt (see [2] or [1, Theorem 7.4] ).
THEOREM 3 . (Arendt) Let E, G and F be Riesz spaces with F also Dedekind complete. Let T : E -• G be a linear operator. (i) IfT is a Riesz homomorphism, then the map S
(ii) IfT is interval preserving, then the map
Our version of part (i) for partially ordered vector spaces (see Theorem 4 below) involves an argument in which Arendt's Theorem itself will be used. The analogue of (ii) above requires, however, a different and more complicated approach. At the same time we wish to use the fact that (ii) still holds, with exactly the same proof as provided in [1] , in case that E and G merely have the Riesz decomposition property. The first step in the direction of Theorem 1 is the following result. [3] Partially ordered vector spaces 475 THEOREM 4 .
Let G be a Riesz space, and suppose that F is a Dedekind complete Riesz space. If T : E -> G is an R-homomorphism then the map S
is a Dedekind complete Riesz space (see [7] ), while
is an Archimedean, directed, partially ordered vector space (not necessarily a Riesz space). Let T : E -> G be an R-homomorphism. The map 
By the Hahn-Banach Theorem (see [1, 
By part (i) of Arendt's Theorem above, there exists Sf G L T (G\ F ) such that 0 < Sf Ŝ 1 * and Sf o T* = V"
5
. Defining Si = Sf | G , we obtain
To arrive at an analogous result for part (ii) of Arendt's Theorem we have to work harder. Before we can present such an analogue, we need three lemmas which are of interest in their own right.
LEMMA 5 . Let E be a solid, directed, partially ordered vector subspace ofG with the Riesz decomposition property. Let F be a Dedekind complete Riesz space. Then the map R : L r {G,F) ->• L r {E,F) defined by R{T) = T\ E is an R-homomorphism. In particular, if G has the Riesz decomposition property as well, then R is a Riesz homomorphism between the Dedekind complete Riesz spaces L r (G, F) and L T (E, F).

PROOF: R is obviously positive. To show that R is an R-homomorphism we need to find for every S,T G L r (G,F) with S,T > 0 an H G L r (G,F) such that H < S,T and R(H) = R{S) A R(T). Let S,T G L r {G,F) with S,T ;> 0. Since L r {G,F) is not necessarily a Riesz space, the infimum of {S, T] may not exist. Instead, we define Tr\S
By a slight abuse of language, but with a straightforward proof, T n 5 is sublinear on
. From here the proof proceeds in two steps.
In L r (E, F), which is a Riesz space, we have 
Therefore, T\ o T 2 is an R-homomorphism. D
LEMMA 7 . Let E have the Riesz decomposition property. IfT : E ->• G is interval preserving then T(E) is a solid, directed, partially ordered vector subspace of G. In addition, T(E) has the the Riesz decomposition property P R O O F : The directedness of T(E) is immediate. To prove that T(E) is solid in G,
let y e G and x € T{E) such that 0 ^ y ^ x. Because T is interval preserving there exists x 0 € E with 0 ^ x 0 ^ x and T(a; 0 ) = y.
Thus y € T(E).
For the Riesz decomposition property of T(E) we reason as follows. Let y, z\,z 2 6 T(E) with 2j,Z2 ^ 0 and 0 ^ y ^ Z\ + z 2 . Since Z\ € T(£^) there exists yo £ E such that T(j/ 0 ) = Z\. Because E is directed there exists y\,y 2 6 ^+ with y 0 = yi -y 2 
. Then z\ = T(yo) = T(y\) -T(y 2 ), where T(y\) and T(y 2 ) are positive since T is positive. Then 0 ^ z\ ^ T(yi). Because T is interval preserving there exists z[ & E with 0 ^ z[ ^ ?/i and T(z[) = z\.
Similarly, there exists z' 2 e E with 0^4 and T{z 2 ) = z 2 . Because T is interval preserving, we can find x 6 E with 0 ^ x ^ z[ + z' 2 and T(x) = j/. Since £ has the Riesz decomposition property there exists x[,x 2 € E with 0 ^ x[ ^ z[, 0 ^ x' 2 ^ z^ a n d
x = x[+ x 2 . By the positivity of T we have that y -T(x\) + T(x' 2 ) and 0 ^ T(x[) ^ z x
and 0 ^ T(4) ^ z 2 . D
We are now in a position to prove the analogue to part (ii) of Arendt's Theorem.
THEOREM 8 . Let E have the Riesz decomposition property. Assume furthermore that F is Dedekind complete. If T : E -> G is interval preserving, then the map S i->• S oT from L r (G, F) into L r (E, F) is an R-homomorphism.
PROOF: Define 7 \ : L r {G,F) -> L T {E,F) by Ti(5) = S\ T (E)-By the previous lemma, T(E) is directed, has the Riesz decomposition property, and is solid in G.
Lemma 5 implies that 7\ is an R-homomorphism. Define T 2 : L r {T{E),F) ->• L r (E,F) by T 2 (S) -S o T. As observed right after Theorem 3, a variation of (ii) in Arendt's
Theorem yields that T 2 is a Riesz homomorphism. 
(G,F) -»• L r (E,F). Lemma 6 implies that T 2 o T x is an Rhomomorphism. For every S £ L r (G,F)
. Let E have the Riesz decomposition property. HT : E -t G is interval preserving then T~ : G~ -> E~ is an R-homomorphism.
PROOF: For every tp € E~, T~(tp) = ipoT. It follows from Theorem 8 that T~ is an R-homomorphism. D
We can now prove the result announced in the beginning of this paper as Theorem 1.
P R O O F OF THEOREM 1: T~ is interval preserving by Theorem 9. Also, G~ is a Riesz space, and E~ is an Archimedean, directed, partially ordered vector space. By Theorem 10, T is an R-homomorphism. D
For the sake of clarity, we shall now choose another name for what was called a Riesz homomorphism in [3] . Let F be a Riesz space. T : E -> F is a weak R-homomorphism if for every x,y G E we have
T(x) V T(y) = inf{T(z) : z £ E and z ^ x, y}.
We present an example of a weak R-homomorphism of which the biadjoint is not a weak R-homomorphism.
EXAMPLE. (A weak R-homomorphism of which the biadjoint is not a weak R-homomorphism.)
Let H = {/ G C [ -l , l ] : /(0) = ( / ( -I ) + / ( l ) ) / 2 } and let i be the identity map from H into C{-1,1]. Indeed, i is a weak R-homomorphism. We shall show that the biadjoint of i is not a weak R-homomorphism. Firstly, i/~ is Riesz isomorphic to N = {n £ C[-l, l}~ : /^({0}) = 0}. Although the latter result can be computed in a straightforward matter, we would like to point out the connection with barycentric maps (see [ The above example augurs no hope for getting a result for weak R-homomorphisms in the style of Theorem 1. We are able to strengthen Theorem 1, by making a change in the definition of R-homomorphism. Indeed, if F is a partially ordered vector space (that is, not necessarily a Riesz space) then a linear map T : E -» F is called an Rhomomorphism if T considered as a map from E to the enveloping Riesz space of F, denoted by R [F] , is an R-homomorphism in the sense defined in the introduction of this paper. We shall prove that the biadjoint of an R-homomorphism with values in a space with the Riesz decomposition property is again an R-homomorphism. For the proof we need the observation that in Theorem 4 we can drop the condition that G is a Riesz space.
Since T is a n R-homomorphism, for every x,y € E + there exists h € E + with h>x,y and We now present the promised generalisation of Theorem 1. 
